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Abstract 

We derive type II supergravity solutions corresponding to space-filling regular and frac- 
tional Dp branes on (9 — p)-dimensional conical transverse spaces. Fractional Dp-branes 
are wrapped D(p + 2)-branes; therefore, our solutions exist only if the base of the cone 
has a non- vanishing Betti number &2- We also consider 11- dimensional SUGRA solutions 
corresponding to regular and fractional M2 branes on 8-dimensional cones whose base 
has a non- vanishing 6 3 . (In this case a fractional M2-brane is an M5-brane wrapped over 
a 3-cycle.) We discuss the gauge theory intepretation of these solutions, as well as of the 
solutions constructed by Cvetic et al. in |hep-th/0011023| and |hep-th/0012011 . 
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1 Introduction 



The basic AdS/CFT correspondence |], @, is motivated by comparing a stack of ele- 
mentary branes with the metric it produces (for reviews, see for example j|, In order 
to break some of the supersymmetry, we may place the stack at a conical singularity 
H; S i) II ■ Consider, for instance, a stack of D3-branes placed at the apex of a Ricci-flat 
6-d cone Yq whose base is a 5-d Einstein manifold X 5 . Comparing the metric with the D- 
brane description leads one to conjecture that type IIB string theory on AdS$ x X 5 is dual 
to the low-energy limit of the world volume theory on the D3-branes at the singularity. 

For certain cones Y" 6 , in addition to the regular D3-branes which may be moved away 
from the apex, there are also fractional D3-branes which can exist only at the singularity 



|10| , [Til , 0? These fractional branes may be thought of as D5-branes wrapped over 
2-cycles of X 5 , the base of the cone. If we are interested in stacking arbitrary numbers of 
such branes, we have to require that the second homology group H2(X§) is Z or bigger. 

An example of a smooth X§ with Betti number 62 = 1 is the Einstein space T 1,1 which 
is topologically S 2 x S 3 . The cone over T 1,1 is a singular Calabi-Yau space known as the 
conifold fl4j| ; it is described by the following equation in C 4 : 

M = o. (i) 

n=l 

When N regular D3-branes are placed at the singularity, the resulting M = 1 supercon- 
formal field theory has gauge group SU(iV) x SU(iV). It contains chiral superfields A\, A2 
transforming as (N, N) and superfields Bi, B 2 transforming as (N, N), with superpoten- 
tial W = Xe^ e kl Tr AiBkAjBi. The two gauge couplings do not flow and can be varied 
continuously without ruining conformal invariance || [|. The type IIB background dual 
to this gauge theory is the near-horizon region of the solution describing N D3-branes at 
the apex of the conifold, namely, AdS^ x T 1 ' 1 with N units of 5-form flux. 

Adding M fractional D3-branes, i.e. M wrapped D5-branes, changes the M = 1 gauge 
theory to SU(iV + M) x SU(iV) coupled to the bifundamental chiral superfields Ai, Bj. 
This theory is no longer conformal: it can be easily seen that the NSVZ beta function for 
gi 2 — #2" 2 does not vanish ||T2|, |T3] . Supergravity solutions corresponding to N regular and 



M fractional branes were considered in [[Lj| |15| . The M wrapped D5-branes introduce 
M units of 3- form RR flux through the 3-cycle of T 1 ' 1 : 

^3 = Quz , (2) 

where Q ~ g s M and 1^3 is the harmonic 3- form on T 1 ' . The 10-d metric is |15 

ds\ Q = E{rY x l 2 ri^dx a dx <i + H(rfl 2 (dr 2 + r 2 ds 2 Tl ,,) 

where a, (3 — 0, 1, 2, 3 and 
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A surprising feature of the solution found in |T5j is that the 5-form flux, which corresponds 



to the regular D3-branes, is not constant; in fact, it varies logarithmically with r. This 
presence of an extra logarithm in the metric and F5 constitutes a new type of UV behavior. 
Its gauge theory interpretation in terms of a cascade of Seiberg dualities was given in 



16 



The solution of |T^] is smooth at large r but possesses a naked singularity in the IR, 
at r = r*. In |16| this problem was removed by replacing the singular conifold ([[]) by the 



deformed conifold 

E^^ 2 - (4) 

n=l 

In the deformed conifold the 2-sphere shrinks at the apex r = 0, but the 3-sphere does 
not. Hence the conserved 3-form flux does not lead to a singularity of the metric; the 
warp factor H(t) approaches a constant at r = 0. This implies that the dual gauge theory 
is confining ||16fl . The deformation (|J) breaks the U(1)r symmetry w n — > w n e ta down to 
the Z2 generated by w n — > —w n , geometrically realizing the chiral symmetry breaking 
in the dual gauge theory.[| Another interesting solution with the same asymptotics as 
those of |0| was found by Pando Zayas and Tseytlin [)TT| . This solution is based on the 



resolved conifold. It is singular in the IR but presumably the singularity may be resolved 
through the enhangon mechanism of |18||. The solution of Jl6| describes the baryonic 
branch of the SU(iV + M) x SU(iV) gauge theory where certain baryon operators acquire 
expectation values in such a way that the global SU(2) x SU(2) symmetry is unbroken 
while the baryon number U(l)s is broken [16|, |l9"fl . On the other hand, as conjectured 
19| , appropriately resolved solution of []17| presumably describes a mesonic branch of 
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the same gauge theory where meson operators tr(AiBj) k acquire expectation values. 

In this paper we consider more general solutions which describe Dp-branes on BP' 1 x 
Yg-p where Yg- P is a Ricci flat (9 — p)-dimensional cone. We consider only space-filling 
branes: those that fill all the dimensions of The extremal background correspond- 

ing to a stack of regular branes at the apex of the cone is well-known ||22|| : 



ds 2 = H{r)- 1/2 Va pdx a dxP + H{r) 1/2 {dr 2 + r^h^dx^) . (5) 

We let a = 0,1, ... ,p and hijdx l dx^ denotes the metric on Xg_ p , the base of the cone. 
The dilaton and the (p + 2)-form RR field strength are given by 

e 4 * = H(r) 3 -P , F ... pr = d r E~ x . (6) 

It is interesting to ask how this background is modified by adding a large number M of 
D(p + 2)-branes wrapped over a 2-cycle of X 8 _ p . For this question to make sense, we 

1 To be more precise, the XJ(1)r is actually first broken to Z2M by instanton effects. For large M, 
however, the Z2M is well approximated by the U(l). 

2 Gravity duals of fractional branes which are not space-filling were considered for orbifold models in 
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have to require that #2(^8-2?) is a t least as big as Z. This is a stringent requirement: 
for some p we will be unable to find any supersymmetry preserving smooth spaces of this 
type. 

The solutions we construct in this paper are analogues of the Klebanov-Tseytlin (KT) 
solution for p = 3 the transverse space is taken to be conical. Such solutions are 
typically smooth in the UV but posses a naked singularity in the IR. We will assume that 
the naked singularity may be resolved by an appropriate smoothing of the cone, but we 
leave construction of such solutions for the future. 



Our work is closely related to the very nice papers |23], gj] where the effect of adding 
RR field strength F 6 _ p on various p-brane solutions was investigated. In order for this field 
to be related to M fractional Dp-branes we require that it carries M units of conserved 
flux. This is the generalization of the requirement (|2]) for p = 3. In [f2^, however, the 
asymptotic form of F e _ p (or of the magnetic components of _F 4 in the case of M2-branes) 
is typically such that it does not produce any new flux at infinity. We believe that such 
solutions should not be interpreted as gravity duals of fractional branes. The presence of 
fractional branes affects the rank of the gauge group itself. In the dual gravity description 
this shift of the rank manifests itself as a new flux at infinity. Instead, some solutions 
111 H have a more conventional interpretation as deformations of the field theory 
present on N regular branes by certain relevant operators. At large r, through the usual 
AdS/CFT correspondence |2|, |j, the power law fall-off of the field strength, and hence 
also of the gauge potential, determines the dimension of the operator added to the dual 
gauge theory action. Some specific examples of this interpretation will be presented in 
section 5. 



2 Fractional Branes in Type IIA and IIB SUGRA 

To construct our type IIA and type IIB fractional Dp-brane solutions, we start with a 
warped product (f|) of R p ' 1 flat space-time directions and a Ricci flat, (9 —p) -dimensional 
cone Yg-p. Since the branes are space-filling, the warp factor depends only on the radial 
coordinate of the cone. Because the cone is Ricci flat, the base of the cone is an (8 — p)- 
dimensional Einstein manifold X 8 _ p with metric hij normalized such that Rij = (7—p)hij. 
We assume that this Einstein manifold has a harmonic 2- form U2, so that wrapping a 
D(p + 2)-brane around the 2-cycle corresponding to 002, and letting the remaining p + 1 
dimensions fill R p>1 , creates a fractional Dp-brane. The u>2 may be normalized such that 
co>2 A *8-p ^2 is the volume form on X 8 _ p . 

An important issue is whether such smooth manifolds Xg- P exist and, if so, whether 
they preserve any supersymmetry. In 5 and 7 dimensions (corresponding to fractional 
D3- and Dl-branes), we know of examples that preserve some supersymmetry. For D3- 



branes, the manifold T ' is such an Einstein space |15|. For Dl-branes supersymmetric 
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examples include TV ' 1,0 , Q 1,1 ' 1 and M 1,1 * 1 which we discuss in Section 3. In the DO-, D2-, 
and D4-brane cases, we know of some Einstein manifolds with the requisite number of 
dimensions and b 2 > 0: for example, the S 2 x S' 6_p .0 However, such a manifold does not 
preserve any supersymmetry and the resulting solution may be unstable. It is certainly 
unstable in the absence of fractional branes. It would be very interesting if there are 
Einstein spaces which do not preserve supersymmetry, but which remain stable because 
of the extra flux from the wrapped D(p + 2)-branes. We leave such issues of stability for 
future work. 



V 


p-brane field strength 


(p + 2)-brane field strength 





F 2 = 


dt A dH' 1 


F4 = -§^dt Adr Au 2 


1 


F 3 = 


d 2 x A dH- 1 


^5 = ~Q (^6 + *U 5 ) 


2 


F 4 = 


d 3 x A dH - 1 + Quj 4 




3 


F 5 = 


d 4 x A dH' 1 + *d 4 x A dH' 1 


F 3 = Qu 3 


4 


h = 


H'r 4 u 2 A uo' 2 


F 2 = Qcv 2 


5 


F 3 = 


-H'r 3 LU 2 A Ui 


dC = QuJ\ 



Surprisingly, introducing M wrapped D(p + 2)-branes changes the regular Dp-brane 
solution (^|) in a controlled way. We account for the D(p + 2)-brane charge by giving a 
nonzero value to F s _ p , or, for p = 0, a nonzero value to F 4 . The precise values are given 
in the third column of (|7|).f] In addition, the NS-NS field must be non-zero due to the 
effect of the Chern-Simons (CS) terms in the SUGRA action: 

B 2 = Q-^uj 2 , H 3 = dB 2 = -Q-dr A co 2 (8) 
p — 3 r^- p 

where Q ~ g s M. In the usual Dp-brane solution, the warp factor H(r) is an eigenfunction 
of the Laplacian on the Ricci flat cone with zero eigenvalue. By adding fractional ~Dp- 
branes, we introduce a source term to this differential equation: 

{r*- p H{r)'y = • 

As has become customary in gauge/gravity duality, we integrate this equation with 
the boundary condition that H approaches zero as r — > 00. This boundary condition 

3 After the original version of this paper was completed, two supersymmetric fractional D2-brane 
solutions were found in |p5[ . In one example, the base of the cone is topologically S 2 x S* 4 , while 
geometrically it is an S 2 bundle over S* 4 . 

4 In the table, ojq- p = (^l) p *s-p UJ 2 where the —1 has been added to conform with the conventions 
of Q. For p — 4, lu' 2 — * 4 w 2 . 
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removes the asymptotically flat region so that we "zoom in" on the low-energy dynamics 
of the dual gauge theory. Thus, we find that for p ^ 3, 5 the warp factor is 

Mr) = ( P -) " P ^ (9) 

where as usual p 7 ~ p ~ g s N and N is the number of ordinary Dp-branes. In the fractional 
D3-brane case, the warp factor takes the form familiar from [ffH] . 



In the fractional D5-brane case, the warp factor is 

Clearly, p cannot exceed 5: for p = 6, the base of the cone can only be two dimensional, 
and there is no place to which the flux from the wrapped D8-brane can escape. The case 
p = 5 may also be unphysical as we discuss below. 

In the far UV, i.e. at large r, the warp factor of the D2-, D1-, and DO-brane solu- 
tions approaches that of its M = counterpart. In the fractional D3-brane case, the 
logarithmic running of the warp factor was related to a renormalization group flow of the 
gauge theory dual, and in particular to a logarithmic increase in the number of colors in 



the theory [13, 15, 16]. Curiously, the warp factor for the fractional D4-brane solution 
appears to be indistinguishable from the D5-brane warp factor in the far UV. 

The case p = 5 corresponds to the wrapped D7-branes. It is well known that in 
ten flat space-time dimensions the D7-brane solution behaves analogously to a cosmic 
string in four dimensions [|26||: the back reaction from the D7-brane makes the metric, at 



least close to the D7-brane, quite complicated. However, in our situation, the wrapped 
D7-brane appears no more badly behaved than a D5-brane at close distance, while far 
away in the UV there is a logarithmic divergence which leads to a naked singularity. This 
UV behavior seems rather pathological. In reality the p = 5 solution probably does not 
exist because there are no requisite smooth three dimensional Einstein spaces. There is 
a theorem due to Hamilton [[27|] which states that the only three dimensional Einstein 
space with positive Ricci scalar curvature is either S 3 or a quotient of S 3 by a discrete 
group. The cone over such a space has no harmonic one or three cycles although it may 
admit vanishing two cycles. 

In the infrared, the fractional DO- through D3-brane solutions exhibit naked singulari- 
ties. In the case of the D3-brane, the naked singularity can be resolved in one of two ways: 
(1) The flux through the 3-cycle corresponding to the harmonic 3-form 003 = (—1) *5 ^2 
prevents the cycle from collapsing. The cone is "deformed" and the singularity is avoided 
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||16|| . This resolution preserves supersymmetry but breaks the chiral symmetry. (2) The 
singularity may be hidden behind an event horizon ||28|| . The supersymmetry is now 
broken and the background describes the high-temperature phase of the gauge theory 
where the chiral symmetry is restored. 

We expect similar IR phenomena to take place in the fractional DO-, D1-, and D2- 
brane cases. At finite temperature, the naked singularities may be cloaked by event 
horizons. Alternatively, at zero temperature, the flux through the (6 — p)-dimensional 
cycle corresponding to the harmonic form ujq- p = (— l) p *s- p ou 2 may deform the cone. 
We will return to these issues in a future publication. 

For each p, we will now describe the way in which the SUGRA solution satisfies 
the requisite equations of motion. We start with the type IIA solutions. Readers not 
interested in the details can skip ahead to the next section. It is a straightforward 
although tedious matter to check that the field strengths and metrics given above satisfy 
the Bianchi identities, field strength equations, and the trace of Einstein's equation. In 
checking the trace, a useful formula is the equation for the Ricci scalar in Einstein frame: 



E> _ rr-(l + p)/8 ( P+Hr^H')' (p+l)(p- 

1 8 r*-PH 32 




;n) 



We have also partially checked that the field strengths satisfy each component of Ein- 
stein's equation independently although without detailed knowledge of u 2 , it is difficult 
to do a complete check. We believe that for a suitably symmetric u 2 , Einstein's equation 
will be fully satisfied. 

2.1 Type IIA Fractional Branes 
2.1.1 Fractional DO-branes 

Fractional DO-branes involve a 9-dimensional Ricci flat cone over an 8-dimensional Ein- 
stein space X 8 . The dilaton is determined by e* = if (r) 3//4 , and hence the metric in 
Einstein frame can be written 

ds% = g l J 2 [-H- 7/8 dt 2 + H 1/8 (dr 2 + r^dx'dx^ 

The nonzero field strengths are 

F 2 = dtAdH' 1 
F A = —JL~ x dt A dr A uo 2 



Q 

H3 = —rdr A lu 2 
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where u 2 is a harmonic 2-form on X$. The factor of if 1 in F 4 is included to satisfy the 
equation of motion for the _F 4 field strength 

<i(e*/ 2 *F 4 ) = —g x J 2 F± A H 3 . (12) 

For this background _F 4 A H 3 = 0, and the factor of H~ l in F 4 guarantees that e*/ 2 *.^ is 
independent of r. The other nontrivial field equation is 

d(e^' 2 *F 2 ) = g s e^ 2 H 3 A *F 4 . (13) 

Each side of this equation is proportional to the volume form on the 9-d cone, and it is 
straightforward to check that the prefactors agree too provided (r 8 H')' = —Q 2 /r A . The 
equation for the NS-NS field H 3 is 

|F 4 A F 4 = d(e-**H 3 + g^e^C, A *F 4 ) . (14) 

It is satisfied because of two facts: (1) F 4 A F 4 = and (2) F 4 has the factor of if -1 , 
making the right side of the NS-NS three form equation of motion homogenous in H. 
Next, we check the dilaton equation of motion 

d*d<S> = ~^—H 3 A *H 3 + F 2 A *F 2 + ^— F 4 A *F 4 (15) 

and find again that the equation is satisfied provided (r 8 H f )' = —Q 2 jr A . 

Finally, we check the trace of Einstein's equation. The Ricci scalar on this 10- 
dimensional space is given by ( [TTj) where p = 0. The trace of Einstein's equation is 

R Vol = -d$ A *d$ + - H 3 A *H 3 + F 2 A *F 2 + ^ F 4 A *F 4 . (16) 

2 4 8 8 

where Vol is the ten dimensional volume form on the space, and the trace equation is 
satisfied. 

2.1.2 Fractional D2-branes 

The dilaton is given by e* = if 1//4 , and the Einstein frame metric is 

ds 2 E = g 1 / 2 [H- 5/8 r ]a pdx a dx 13 + H 3/8 {dr 2 + r 2 /iycfcW) 

where a, (3 = 0, 1, 2 and hij is the metric on the 6-d Einstein space X 6 . The nonzero field 
strengths are 

F 4 = d 3 x AdH' 1 + Q* 6 uj 2 
H 3 = ^dr A u 2 . 



Only the RR 4-form field strength is needed because under F4 the D2-branes are charged 
electrically while the wrapped D4-branes are charged magnetically. 

To verify the solution we consider first the equation of motion for the field strength 
F4 (|T2|) . Both sides of this equation are proportional to the volume form on the seven 
dimensional cone, and the equation is satisfied provided 

(r 6 fT)' = -Q 2 /r 2 . (17) 

The equation of motion for H3 (|i~4|) is satisfied essentially because F4 includes a factor 
of dH^ 1 . The dilaton equation of motion (fK|) is satisfied because of ([H]). Last we check 
the trace of Einstein's equation (|l(|) using (|TTD . 



2.1.3 Fractional D4-branes 

The dilaton is given by e* = H^ 1 ^, and in Einstein frame the metric is 

ds% = g 1 / 2 [H~ 3/8 Val3 dx a dxP + H 5/8 {dr 2 + r 2 /iycfcW) 

where a, (5 — 0, 1, . . . , 4 and hij is the metric on the 4-d Einstein manifold X 4 . The field 
strengths are 

F 2 = QJ 2 

H 3 = Qdr A u) 2 

where uo 2 is the usual harmonic 2-form and u' 2 = * i uj 2 is its dual. To understand the 
structure of F4, consider the more familiar dual *F^ = — H 1 ^ 8 d 5 x A dH' 1 . There remains 
seemingly an extra factor of H 1 ^ 8 . To satisfy the equation of motion for the NS-NS 
3-form (0), the H 1 ' 8 is necessary because it cancels the e $//2 that multiplies *F^. The 
field strength equations ( |T3"D and flT2| ) are trivial for this solution. However, the Bianchi 
identity for F 4 , which was trivially satisfied in the previous two examples, is nontrivial 
here: 

dF A = -F 2 A H 3 . (18) 

The Bianchi identity leads to the differential equation for the warp factor (r A H') ! = —Q 2 . 
The dilaton equation of motion fli~5|) is also satisfied provided the warp factor obeys this 
equation. Finally, the trace of Einstein's equation, which we can check provided we know 
the Ricci scalar curvature (0), is also satisfied. 



2.2 Fractional Type IIB Branes 
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2.2.1 Fractional Dl-branes 



In this case the transverse space is 8- dimensional, so it can be a Calabi-Yau 4-fold. Such 
cases will be dual to (1 + l)-dimensional gauge theories with Af = 2 supersymmetry, and 
we will discuss some specific examples in section 4. In general, the dilaton is given by 
e* = if 1 / 2 , and the metric in Einstein frame is 



ds 2 E 



9. 



1/2 



H- 3/4 r ]a(3 dx a dx 13 + H 1/4 (dr 2 + -^hijd^dJ) 



where a,/3 = 0, 1 and is the metric on the 7-d Einstein space X 7 . The nonzero field 
strengths are 



F 3 

h 



Ha 



d 2 x A dH~ x 

~Q (^5 + *W 5 ) 

-Quj 5 - -^H' 1 d 2 x A dr A lu 2 



Q 



dr A u>2 



where uj^ = {—l)*juj2- By construction, the five form field strength obeys the self 
duality constraint F 5 = *F 5 . Next we check the equation of motion of the RR 3- form 
field strength 

d(e**F 3 ) = g s F 5 A H 3 . (19) 

Both sides are proportional to the volume form on the eight dimensional cone, and the 
equation is satisfied provided (r 7 H')' = —Q 2 /r 3 . The NS-NS 3-form field strength is 



-g s F 5 A F 3 . 



(20) 



Note first that the axion C = for this solution. Each side of the equation is proportional 
to the eight form d 2 x A dr A and the coefficients match as well. 

The two remaining equations to check are the dilaton equation of motion and the 
trace of Einstein's equation 



d*d§ 
RVol 



e 2 *dC A *dC - 9 -^-H 3 A*H 3 + ^- 

^2$ „ „-4> 



3 a *n 3 i —F 3 A *F 3 



-d$ A *d$ + — dC A *dC + — 
2 2 4 



-H 3 A *H* 



9s<? 



F 3 A *F* 



(21) 
(22) 



The Ricci scalar is (|TT ) , which ensures that (p2[) is satisfied 



2.2.2 Fractional D3-branes 

The dilaton is a constant which we will set to zero. The metric is 
ds 2 = gl /2 \H~ l/2 r, a p + H 1/2 (dr 2 + r^dx'dx 1 ) 
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where a, (3 — 0, 1,2,3 and hij is the metric on the 5-d Einstein space X§. The nonzero 
field strengths are 

F 5 = d A x A dH- 1 + *<fx A dH~ l 
= d 4 x AdH- 1 - H'r 5 uj 2 Auo 3 

h = Qlo 3 
Q , 

H 3 = — dr A co>2 • 
r 



This type of solution was worked out in detail in |L5) for the supersymmetric example 



where the 6-d cone is the conifold. The warp factor is given in fllPp. Even though 
this solution is singular in the IR, it may be thought of as the asymptotic UV part 



of the non-singular deformed solution presented in [16|. In particular, it incorporates 
the cascade of Seiberg dualities which takes place in the dual Af = 1 supersymmetric 
SU(iV + M) x SU(iV) gauge theory 

The crucial feature of the conifold which enables us to write down the fractional brane 
solutions is that its base T 1,1 has 62 = b 3 = 1- Other supersymmetry preserving cones 
with non-trivial 2-cycles are certain generalized conifolds [p9| , |30| , [yj. For example, there 
is an Ak series described by 

w\ + w\ + w\ + w\ = . 

Finding an explicit form of the metric on the base and of the forms u>2 , is an interesting 
challenge. 

One could also consider a variety of 6-d cones which do not preserve any supersymme- 
try The simplest example is the space T 1 ' which is a product of S 2 and S 3 geometrically: 



1 1 



where ds^ is the metric on a unit n-sphere. In this case u 2 ~ vol(S 2 ) and u 3 ~ v ol(S 3 ) and 
the warp factor still has the form (|10|) |H| . The main concern about this explicit solution 
is whether it is stable. In the absence of the F 3 flux we would find a supersymmetry 
breaking AdS$ x T 1,0 background which is unstable. For example, there is a scalar mode 
with m 2 = —8 in AdS§ whichf] is below the Breitenlohner-Freedman stability bound 
m? = —4. This particular mode corresponds to changing the relative volumes of the 
S 2 and S 3 while keeping the overall volume of T 1 ' unchanged. It is clear, however, 
that adding the F 3 flux has a stabilizing effect on this particular mode since it adds a 
term to the potential which is sensitive to the volume of S 3 . It would be remarkable 
if the fractional D3-brane solution based on T 1 ' turns out to be stable. We postpone 
investigation of the stability issue to a future publication. 

5 This result was found in collaboration with A. Tseytlin. 
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2.2.3 Fractional D5-branes 



The fractional D5-brane solution depends on a 3-d Einstein manifold which might not 
exist. We will thus be brief in our description of this formal solution to the type IIB 
SUGRA equations of motion. The dilaton is given by e* = H^r)' 1 ^ 2 , and the Einstein 
frame metric is 

ds% = g l J 2 \H- l/i r] a pdx a dx 13 + H 3/ \dr 2 + r 2 h i:j dx' l dx>) 
The nonzero field strengths are 

dC = Qui 

F 3 = H 1/2 *d 6 x A dH- 1 

= —H'r 3 u 2 A ui 
H 3 = Qr dr A u>2 

where uj\ = (— 1)* 3 u^. The factor of H l l 2 in F 3 is necessary in order to satisfy the 
NS-NS 3-form field strength equation of motion (pQ|): the H 1 ^ 2 cancels with the e*. 

The RR field strength equations of motion are trivial for this solution. On the other 
hand, the Bianchi identity dF 3 = —dC AH 3 results in the relation (r 3 H')' = —Q 2 r which 
ensures that the dilaton equation of motion (|2TD and the trace of Einstein's equation ( p2|) 
are also satisfied. 

3 An eleven dimensional SUGRA solution 

Recall that the SUGRA solution describing regular M2-branes at the apex of a cone Y$ 
is given by the metric 

ds 2 = H{rY 2tz r iiiV dx l "dx v + H{r) 1/3 {dr 2 + ^h^dx^, 

where v — 0, 1, 2 and is the Einstein metric on the base of the cone X 7 . The 4-form 
field strength is F4 = d 3 x AdH' 1 . The warp factor H(r) satisfies the differential equation 
O s H(r) = where n 8 is the Laplacian on Y$. 

As the only other branes in eleven dimensional supergravity are 5-dimensional, in 
order to get fractional M2 branes, we need a 3-cycle corresponding to a harmonic 3-form 
in the 7-dimensional base of the cone. It is on this three cycle that we wrap our M5- 
branes. Wrapping M5 branes on such a harmonic three form 0^3 produces the following 
modification to the M2-brane solution. We set 

M 

F 4 = d 3 x A dH' 1 + M* 7 u 3 dr A ou 3 . 

r 
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It is straightforward to verify that F4 satisfies the Bianchi identity dF± = and the 
field strength equation d*F A = F 4 A F 4 /2. The Ricci scalar on this space is 



From the Ricci scalar and the trace of Einstein's equation, we see that the additions to 
F 4 produce a source term in the equation for H{r): 

M 2 

(r 7 H(r)')' = -— . 



Thus 



6r 6 3 g r 6 



We conclude that adding wrapped M5-branes produces a logarithmic renormalization 
group flow in what would otherwise be a 3-dimensional SCFT. This result is surprising 
in that dimensional arguments suggest that the RG flow in 3-d field theories should 
be polynomial. We should keep in mind, however, that we have not been able to find 
supersymmetry-preserving 8-d cones with a harmonic 3-form. Non-supersymmetric such 
cones certainly exist - for example, a cone over S 3 x S 4 - but it is unclear whether they 
give stable solutions. 



4 Fractional D-strings 

In order to produce fractional D-strings in our framework, we need a 7-d Einstein space 
with nonzero Betti numbers 62 and 65, and this space should preferably preserve some 
supersymmetry. Fortunately, several examples are known to exist, and some have been 
well studied. For example, the manifold TV 0,1 ' has 62 = 1 |£§, admits an Einstein metric, 



and can be described by the coset SU(3)/U(1). Moreover, this manifold, as it has three 
Killing spinors, is expected to lead to a 2-d gauge theory on the regular and fractional 
D-strings with Af = 3 supersymmetry |34 . 



Two more examples are the well known manifolds Q 1 ' 1 ' 1 and M 1 ' 1 ' 1 .^ Both of these 
spaces admit two Killing spinors; hence, we expect the gauge theory dual living on iV 
regular and M fractional D-strings to have M = 2 supersymmetry |34[ . In what follows, 



we will exhibit the harmonic 2-forms on these spaces. We will also review some facts 
about these spaces which allow us to guess the Lie group structure of the gauge theory 



6 From a knowledge of the harmonic two forms described later, we were able to check completely 
Einstein's equation for these two examples. 
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duals. We start with the simpler Q 1 ' 1 ' 1 which can be described as the coset manifold 

SU(2) x SU(2) x SU(2) 
W) x W) 

which has SU(2) 3 x U(1)r global symmetry. The metric on Q 1 ' 1,1 can be written 



ds 2 = — - V cos 9i dcfuf + - Y.(d6 2 + sin 2 Q { d<\> 2 ) , 
16 i= i 8 i=i 

which makes it clear that it is a U(l) bundle over S 2 x S 2 x S 2 . For Q 1 ' 1 ' 1 , &2 = 2. Two 
linearly independent harmonic two forms are 

^(ij) = ^g"( s ^ n ^ dOi A d(pi — sin 8j d6j A dcpj) 

where (ij) = (12) or (13). We have normalized u>2 such that u>2 A *U2 is the volume form 
on Q 1 ' 1 ' 1 . 

To understand the possible gauge theory dual to this SUGRA solution, we review 
some possible embeddings of the cone over Q ' ' . The locus of points describing this 



cone can be embedded in C [p£ 



W1W2 — = 

W1W2 — w^wq = 

Wiw 2 — wjw 8 = 

W1W4 — w 5 w 8 = . (23) 

Similar to what was done with the coset space T 1 ' 1 = SU(2) x SU(2)/U(1) [§J, we can 
reparametrize this system of equations using instead the six complex variables A^B^C^ 
% — 1,2, and set each Wi to some different combination AiBjCk- In particular 





= A 1 B 1 C 1 


w 2 


= A2B2C2 


w 3 


= A 1 B 2 C 1 




= A2BIC2 


w 5 


= A 1 B 1 C 2 


Wq 


= A 2 B 2 Ci 


W7 


= A1B2C2 


w s 


= A 2 B 1 C 1 



However, we get the same Wi if we act on the A, B, and C by 

Aj — > XAj Bk — > A Bk 

Aj -> fiAj Q -> j, k,l = l,2 

where A,// G C*. We fix this freedom by selecting the absolute value of A and \i to 
guarantee the two D-term equations: 

|2 

2 





2 + 


\M\ 2 = 


\Bi\ 2 ^ 


- I-B2I 


\M 


2 + 


\M 2 = 


l^i| 2 4 


-\Ci\ 
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Further quotienting by the two U(l)'s corresponding to the phases of A and fi gives the 
cone over Q 1,1 ' 1 . If we fix {A^ 2 + \A 2 \ 2 = 1, we get the space Q 1,1 ' 1 itself. A\ and A 2 
form a doublet under the first global SU(2), B\ and B 2 under the second, and C\ and C 2 
under the third. 

In (see also P7fl ) these algebraic considerations were used to argue that M-theory 
on AdSi x Q 1,1 ' 1 is dual to a SU(iV) x SU(iV) x SU(iV) superconformal gauge theory in 
2 + 1 dimensions. The Aj, Bj, and Ck could then be understood as chiral superfields in 
the (N, N, 1), (1, N, N), and (N, 1, N) representations of the gauge group, respectively. 
Similar considerations lead us to argue that the gauge theory on N regular D-strings 
placed at the apex of the cone over Q 1 ' 1 ' 1 has the same Lie group structure and matter 
content as above, except in 1 + 1 dimensions. Adding M fractional branes changes the 
gauge theory to SU(iV + M) x SU(iV) x SU(iV) coupled to chiral superfields A4, Bj, and 
C k in the (N + M, N, 1), (1, N, N), and (N + M, 1, N) representations, respectively. 

The next example is M 1,1 ' 1 which has the coset structure [58 , |34| 



SU(3) x SU(2) x U(l) 
SU(2) x U(l) x U(l) ' 

The Einstein metric on this seven dimensional space can be written |59] 

ds 2 = — (dr + 3 sin 2 u cr 3 + 2 cos 8 2 d<p 2 ) 2 
64 

3,-9 1.9 / 9 2 2 2\\ 

+ -{djj, + - sin // (cr{ + a 2 + cos /icrgJJ 
+ -(d9 2 2 + sin 2 9 2 d(f> 2 2 ) 



where 



o\ = d6\ o 2 = sin^i d(f>i o 3 = {dip + cos#i d<pi) . 



The manifold has b 2 = 1 and thus admits one harmonic two form which can be written 
in this basis as 

1/1 3 3 \ 

uj 2 = —= I - sin 9 2 d0 2 A d<p 2 sin 2 /i 0\ A a 2 H — sin /i cos /i d[i A a 3 ) . 

V6 \8 16 8 / 

Again, we have chosen to normalize the harmonic two form such that u 2 A *u 2 is the 
volume form on M 1,1 ' 1 . 

The cone over M 1 ' 1 ' 1 can be described as the locus of points in C 5 satisfying the 



D-term equation [33| 



2(|t/!| 2 + \U 2 \ 2 + \U 3 \ 2 ) = 3(|V!| 2 + \V 2 \ 2 ) 

quotiented by the action of a U(l), acting on [/, with charge +2 and on Vj, with charge 
-3. To recover the manifold M 1,1 ' 1 , we set |Vi| 2 + IV2I 2 = 1- To express M 1 ' 1,1 as an 
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embedding in C p for some p, just as Q 1,1 ' 1 was embedded in C 8 above, we need p = 30. 
As a result, we will not describe this embedding here. 

From this type of algebraic consideration, the authors of J£| are able to deduce that in 
an M theory context, where the gauge theory dual is three dimensional and conformal, the 
gauge group is SU(iV) x SU(iV). Moreover, they assert that Ui and Vj can be understood 
as chiral superfields corresponding respectively to Sym 2 N x Sym 2 N and Sym 3 N x Sym 3 N 
representations of the gauge group. Here N and N are respectively the fundamental and 
antifundamental representations of SU(iV). Similar considerations lead us to argue that 
the gauge theory on N regular D-strings at the apex of the cone over M 1 ' 1 ' 1 has analogous 
structure, except in 1 + 1 dimensions. Addition of M fractional branes again changes the 
group to SU(iV + M) x SU(iV) and modifies the matter representation accordingly. 

Both for the Q 1 ' 1 ' 1 and for the M 1 ' 1 ' 1 example, / B 2 ~ M/r 2 . As for the D3-brane 
solution, it is tempting to interpret this as RG flow of a relative gauge coupling in the 
dual gauge theory. Another interesting effect is the radial variation of the RR 3-form 
flux. If we assume that this flux measures the effective number of regular branes, N, 
then 

N eff (r) = N-a 9 -^f - , (24) 
where a is a proportionality constant. Unlike in the D3-brane solutions of |15|, If|, N e ff 



does not diverge in the UV. This is in accord with the expectation that (l + l)-dimensional 
theories should have weak UV but strong IR dynamics and hence should have power law 
rather than logarithmic flow. It would be very interesting to find detailed explanations 
of these supergravity effects in the dual gauge theory. It is possible that the reduction in 
the number of colors is due to some 2-d analogue of Seiberg duality, but a more mundane 



scenario, which was recently discussed in some 4-dimensional examples [19], is that the 



gauge symmetry is broken by the Higgs mechanism. In order to understand the IR effects 
in more detail on the SUGRA side it will be necessary to find resolved solutions without 
naked singularities. 



5 Fractional Branes and Generalizations 

Our type II and 11-dimensional supergravity solutions can be understood as special cases 
of the more general ansatz presented by Cvetic, Lii, Gibbons, and Pope in [|3|, p4fl . In the 
type II context they consider non-compact Ricci flat manifolds which are asymptotically 
conical and possess a harmonic 3-form f2 3 . They then set the NS-NS 3-form H 3 ~ g s MQ 3 . 
The warp factor must satisfy the differential equation 

n 9 _ p H ~-( 9s M) 2 \n 3 \ 2 . 

The symbol O g _ p is the Laplacian on the (9— p)-dimensional Ricci flat space. To translate 
to our situation, note that H 3 ~ (g s M/r 4 ~ p )drAuj2 is indeed harmonic when considered as 
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a 3-form on the (9— p)-dimensional cone. However, we impose the additional requirement 
that Q3 originates from the uj 2 which is harmonic on the base of the cone. Some specific 
examples worked out in [f2^, involve ^3 which only exist on the full (9— -dimensional 



space. We believe that such solutions do not correspond to fractional D-branes although 
they are very interesting in their own right. 

Our 11-dimensional SUGRA solution can also be understood as a special case of the 



general ansatz worked out in fl23| , \l% (for earlier work, see |4C], |30|) where the authors 
consider asymptotically conical 8-d Ricci flat manifolds with a self-dual or anti-self-dual 
harmonic 4-form uj^. The field strength is then simply 

F 4 = d 3 x A dH~ l + MtOi . (25) 

We restrict 

U4 = dr A u 3 /r + * 8 (^ r A UJ 3/ r ) > (26) 
where 003 is a harmonic 3-form on the base of the cone corresponding to the 3-cycle 



wrapped by the M5-branes. |4(J, |30], |23], 24| allow for more general kinds of harmonic 



4-forms. Of the specific examples worked out in f23| , 24], three of the spaces have SU(4) 
holonomy; hence the corresponding (2 + l)-dimensional field theory has A/" = 2 supersym- 
metry. The bases of these cones are the well studied Einstein manifolds V^, M 1 ' 1,1 , and 
Q 1 ' 1,1 [Q. The fourth space has Spin(7) holonomy corresponding to M = 1 supersym- 



metry; here the base of the asymptotic cone is the squashed S 7 . Although the detailed 
nature of u; 4 is complicated in each of the examples, a little bit of power counting is useful 
in understanding what happens. We find that in the case of Vsp, at large r, scales as 
1/r 4 / 3 , for M 1 ' 1 ' 1 and Q 1 ' 1 ' 1 as 1/r 2 , and for the squashed S 7 as l/r 2//3 . We can ask if 
these asymptotics correspond to our 11-dimensional solution found above. The answer 
is no, and the reason is simple: all four Einstein manifolds have 63 = 64 = 0. Hence, 
the solutions found in ]23|, ^4| do not correspond to regular and fractional M5-branes. 
Instead, as we now show, they describe (2 + l)-dimensional CFT's perturbed by relevant 
operators. 

In each case, the 11-dimensional metric of the solution can be written as 

ds 2 = H(r)- 2/3 r ] al3 dx a dx (3 + H{r) 1/3 ds 2 8 

where ds^ is the metric on an 8-dimensional Ricci flat manifold. Just as in the fractional 
brane cases, to^ introduces a source term into the equation for the warp factor: O s H(r) ~ 
M 2 |to>4| 2 . At small r, H(r) approaches a constant in all four examples, which means that 
the solutions are non-singular and free of horizons. For large r, the metric on the 8- 
dimensional manifold ds^ — > dr 2 + r 2 ds 2 , where ds 2 is the metric on the Einstein space 
Xj. Expansions of H(r) in powers of 1/r have the form 

Hlr) =(£)'(! + % + ..). (27) 



T J V 
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If 7 > 0, then in the UV we recover the background AdS^ x X7 which is dual to a 
(2 + l)-dimensional CFT. (To make the AdS± space completely manifest, we also need 
to make the change of variables r 2 = 1/z.) The leading deformation of the AdS^ x X 7 
metric is encoded in the term 



~ z^ /2 ds 2 7 . (28) 



7 is 4 for M 1 ' 1 - 1 and Q 1 - 1 ' 1 , 8/3 for V 5t2 and 4/3 for the squashed S 7 fQJZQ. Specific 



examples of some of these CFT's were discussed in [[33|, |41|j . 

A perturbation of an AdS± x Xj background which falls off at large r can correspond 
either to adding a relevant operator to the CFT action or to giving an expectation value 



to an operator WA HBJ. In all four cases above, the perturbation that falls off the slowest 



at large r is contained in the 4-form u^. Asymptotically, we may write = dc^, where 
the C3 is the perturbation of the 3-form potential. Purely angular components of the 
3-form potential are dual to pseudoscalar operators in the CFT fPL E5|. Indeed, we will 



be able to confirm that the rate at which C3 falls off at large r is consistent with the 
addition of pseudoscalar operators to the action via the usual AdS/CFT relation |2|, [J 

(j)(x,z) ~z 3 - A 0o(x) (29) 

where A is the dimension of the operator corresponding to <p i n the conformal gauge 
theory dual. 

Let us recall that an M = 1 chiral superfield of dimension A decomposes into a scalar 
of dimension A, a fermion of dimension A +1/2, and a pseudoscalar of dimension A+l. In 
searching for a pseudoscalar with the right dimension, we need to find a chiral superfield 
in the conformal gauge theory dual whose dimension is appropriate and protected. We 
will present explicit findings for the and Q 1 ' 1 ' 1 cases. 

For V 5t 2, the cone can be embedded in C 5 via the equation 

F = j2w 2 = 0. 

8=1 

We expect to find protected operators in the conformal gauge theory dual that correspond 
to monomials in the Wi quotiented by the embedding relation F = 0. In the proposed 
CFT dual, each w-i contributes 2/3 to the operator dimension These dimensions can 
be derived from the AdS / CFT correspondence as follows. From symmetry requirements, 
the Kaehler potential on 1/5,2 must take the form K = (J2i=i l^l 2 )"- The Calabi-Yau 
4-form 

dwi A dtU2 A dw3 A dw^ 
w 5 

For the metric to be Ricci flat, the CY 4-form and the Kaehler form u = ddK must obey 
the relation /\ 4 u ~ Q /\ Q. Power counting then shows that a = 3/4. It is natural to 
equate K = r 2 because we are looking for a cone, and the metric component g rr should 
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be of order zero in r. We see that the eigenvalue of these monomials under the action 
of rd r is 4fc/3 where k is the total number of u>j in the monomial. Finally, because we 
need to make the transformation r 2 = 1/z to make the AdS^ manifest, we see that these 
monomials will have dimension 2k/ 3 in the conformal theory and each Wj has dimension 
2/3. 

Now, a monomial quadratic in the Wi is a chiral field with dimension 4/3. Also 
in this chiral multiplet is a pseudoscalar of dimension 7/3. Adding this operator to 



the action corresponds to c 3 



y 2/3 



precisely the rate at which C3 falls off at small z. 



This perturbation breaks the conformal invariance of the CFT dual to AdS^ x and, 
according to the solution found in [53, produces confinement far in the IR. 



Our next example, the cone over Q > ' , can be embedded in C via fl23l) . We expect 
to find protected operators in the gauge theory dual which correspond to monomials in 
the Wi quotiented by the embedding relations. From [33|, we know that each of the Wi 



contributes 1 to the operator dimension. Thus we expect and find [fifj a pseudoscalar with 
dimension 2 within the chiral multiplet corresponding to the Wi themselves, explaining 
the falloff C3 ~ z found in this case. 

Thus, both the Q 1 ' 1,1 and the Vs^ cases have a conveninent explanation in terms 
of perturbing the action by relevant operators. We also note that for the squashed S 7 , 
adding relevant operators to the action is the only available interpretation. Here C3 ~ z 1 ^ 3 
which cannot be interpreted as due to an expectation value; A = 1/3 required for this 
interpretation violates the unitarity bound in 2 + 1 dimensions, A > 1/2. Instead, 
the fall-off in C3 corresponds to adding an operator of dimension 8/3 to the action. An 
analogous explanation of the M 1 ' 1,1 case requires the existence of a pseudoscalar operator 
with dimension 2. However, we have not found such an operator in the results of [|7|. 
We hope to return to this issue in the future. 

A point of similarity between the fractional brane solutions considered here and the 
solutions constructed in [23, 24] is that all of them have varying flux corresponding to 
regular branes. It is natural to interpret the varying flux as a reduction in the number 
of degrees of freedom as the theory flows towards the IR. In some situations |16| this 
reduction is due to Seiberg duality while in others it is due to Higgsing [Tj|. In the 
case of solutions without extra conserved fluxes, such as those in [|3|, p4] , the Higgsing 
intepretation is more likely to be applicable. It would be very interesting to understand 
this in more detail. 
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A Supergravity Actions and Equations of Motion 
A.l Type IIA 

The bosonic piece of the IIA Einstein frame action is 

J d w x{-G) l ' 2 R - JL y a *d$ + g a e~*H 3 A *H 3 
+g i/2 e a*/2p 2 A + g *l* e *l*F A A *F 4 + g 2 s B 2 A F 4 A F 4 ) , (30) 

where 

F 4 = F 4 -CiAH3 , F 4 = dC 3 , F 2 = dC 1 . (31) 

We define the Einstein metric by (G^) Einstein = <7« ^"^(G^string. As a result g s 
appears in the action, explicitly and also through 2k 2 = (2n) 7 a' 4 g 2 . 
The field equations are |48| 



= — — ^ — iJ 3 A *H 3 H — ^— | F 2 A*F 2 + ^ F 4 A*F 4 

d(e 3 */ 2 *F 2 ) = g s e*/ 2 H 3 A*F 4 
d(e*' 2 *h) = - g y 2 F 4 AH 3 
-F 4 AF 4 = d(e~' s> *H 3 + g 1 J 2 e* /2 C l A*F 4 ) 

-Rmat = -jp M ®® N ® + -^r — (H M PQ H NPQ — —G M nH pqr H P q R ) 

^l/2 e 3$/2 1 

H — - — 2 ^ M ~~ JqGmnF Fpq) 

^3/2 e $/2 _ pQ/? _ 3 _ _ 

H — ^— T7 — {Fm F NP q R — ^G MN F p Q RS F PQRS )e^ 2 . (32) 
We use indices M, N, ... in ten dimensions. The Bianchi identities are 

dF 4 = -F 2 A H 3 , dF 2 = 0. 

A. 2 Type IIB 



The bosonic piece of the IIB Einstein frame action [49 



is 



At / d 10 x(-G) 1/2 R / (d& A *d§ + e^dC A *dC 

2k 2 J An 2 J \ 



+ 
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g s e-*H 3 A *H 3 + g a e*F s A *F 3 + ^F 5 A *F 5 + g 2 s C 4 A H 3 A F s ) , 

supplemented by the self-duality condition 

*F 5 = F 5 . 

Here 

F 3 = F 3 — CH 3 , F 3 = dC 2 , 
F 5 = F 5 — C 2 A H 3 , F 5 = dC^ . 

The field equations are [fjCfl 

_ $ $ 

= e 2 *dCA*dC- ^— # 3 A*H 3 + —F 3 A *F 3 , 

2 2 

d(e 2 **dC) = —g s e®H 3 A *F 3) 
d*(e*F 5 ) = g s F 5 AH 3 , 
d*(e-*H 3 -Ce*F 3 ) = —g s F 5 A F 3 , 
d*F 5 = -F 5 A # 5 , 

1 e 2 * g 2 ~ 

-Raw = -dA/^djv^H — —dhiCdNC + -^FmpqrsFn P r 

2 2 9o 

+|( e -*tf MPQ iV^ + e*F MPQ F N p< i) 



The Bianchi identities are 



-gG MiV ( e -^p QB ^ + F P Q R F PQR ) 



dF 3 = -dCAH 3 
dF 5 = -F 3 AH 3 



A. 3 M theory 

The eleven dimensional SUGRA action [Ell is 



2 

The field equations are then 



-V / d^xi-Gf^R - -1- /fe A *F 4 + ^ 3 A F 4 A F 4 



d*F 4 = ^F 4 AF 4 , 

J^MN — — \"M r NPQR ~ —^MN-f £ PQRS 



supplemented by the Bianchi identity dF 4 = 0. 
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